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Abstract
This paper applies the concepts introduced in the article: Filament sets and homogeneous continua [J.R. Prajs, K. Whitting-
ton, Filament sets and homogeneous continua, Topology Appl. 154 (8) (2007) 1581–1591, doi:10.1016/j.topol.2006.12.005] to
decompositions of homogeneous continua. Several new or strengthened results on aposyndesis are given. Newly defined decom-
positions are discussed. A proposed classification scheme for homogeneous continua is shown to be mostly invariant under Jones’
aposyndetic decomposition.
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In [14], the concepts of filament and ample continua, which have been introduced in [13], were shown to provide
an effective language for discussing aposyndesis in Kelley continua. The present paper is a continuation of this study
applied specifically to homogeneous continua, all of which are Kelley continua [22]. As in [14], new or strengthened
results on aposyndesis are easily revealed (see Section 2).
In Rogers’ classification schemes given in [19] and [20], aposyndesis is used as one of the fundamental divisions
among homogeneous continua. The aposyndetic decomposition of Jones [8], its subsequent improvements by Rogers
[16–18], and questions about the form of these or other possible decompositions have been essential in these efforts.
One theme has been to try to first classify the possible outcomes when aposyndesis is introduced via decomposition.
In [15], a different approach is taken to classification, where it is shown that homogeneous continua divide naturally
into classes defined in terms of the filament subcontinua that occur in the spaces. In Section 3 of the present paper, we
show that this new classification scheme is left mostly invariant under Jones’ decomposition. Furthermore, rather than
being at opposite ends of the spectrum, the two classes locally connected and indecomposable are in the same half of
the spectrum. Thus, indeed, this offers a fundamentally new approach to the study of homogeneous continua.
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J.R. Prajs, K. Whittington / Topology and its Applications 154 (2007) 1942–1950 1943In Section 4, the paper concludes with a general method for defining decompositions of homogeneous continua
and combines this with the concepts defined in [13] to offer and discuss several new examples.
1. Preliminaries
A continuum is a compact, connected, nonempty metric space. If X is a continuum, C(X) and 2X will denote
the hyperspaces consisting, respectively, of all subcontinua of X and all nonempty compact subsets of X, under the
Hausdorff metric. All metrics will be denoted by d .
Our definition of local connectedness follows the terminology of Kuratowski [10, p. 227]. A space is locally
connected at a point p if every neighborhood of p contains a connected neighborhood of p. (Since we have made
no requirement that the neighborhood be open, many authors would refer to this as being connected im kleinen at p.)
A space is locally connected if it is locally connected at each of its points.
Let X be a topological space, A and B be subsets of X such that A ⊂ B and A is connected. The symbol CntB(A)
denotes the component of B containing A. If A is a singleton {a}, then CntB(a) denotes CntB({a}).
A continuum X will be called a Kelley continuum (i.e., a continuum with Property 3.2 of [9]) if whenever a sequence
{xn} in X converges to a point x contained in a subcontinuum C of X, there are subcontinua Cn converging to C with
xn ∈ Cn.
A subcontinuum C of a continuum X is called terminal if every subcontinuum of X that meets C is either contained
in C or contains C. An upper semi-continuous decomposition of a continuum X into terminal subcontinua is called
an atomic decomposition. A surjective map f :X → Y between continua X and Y is called atomic if and only if
for every continuum K ⊂ X either f−1(f (K)) = K or f (K) is a singleton; or equivalently, if the decomposition
{f−1(y) | y ∈ Y } is atomic. More information on atomic maps can be found in [4] and [12].
A decomposition D of X is respected by homeomorphisms if h(D) ∈ D for every D ∈ D and every homeomor-
phism h :X → X.
If X is a homogeneous continuum, then for every positive ε, there is a number δ, called an Effros number for ε,
such that for each pair of points with d(x, y) < δ, there is a homeomorphism f :X → X that carries x to y and such
that d(z, f (z)) < ε for each z ∈ X. This is called the Effros Theorem. It follows from the more general statement that
for each x ∈ X, the evaluation map, g → gx, from the homeomorphism group onto X is open. The latter follows from
[3, Theorem 2]. (See also [21, Theorem 3.1].)
The following definitions were introduced in [13]. A continuum K in X is called a filament continuum provided
there exists a neighborhood N of K (a set containing K in its interior) such that CntN(K) has empty interior. The
continuum K is called ample if for every ε > 0 there exists a continuum L ⊂ X such that d(K,L) < ε and K ⊂ Int(L).
In a homogeneous continuum, a subcontinuum is ample if and only if it is non-filament [13, Proposition 2.3].
A set S ⊂ X is called filament provided that every subcontinuum of S is filament in X. The complement of a
filament set will be called a co-filament set. By definition, a set is co-filament if and only if it intersects each ample
continuum of the space.
If p ∈ X, the union of all filament continua in X containing p (if any) is called a filament composant of X and is
denoted Fcs(p). Further (as in [15]), for K ⊂ X we define:
Fcs1(K) =
⋃{
Fcs(x) | x ∈ K}, Fcsn+1(K) = Fcs1(Fcsn(K)), and
Fcsω(K) =
⋃{
Fcsn(K) | n ∈ {1,2, . . .}}.
If p ∈ X, we use Fcs(p) for Fcs({p}), and similarly for the other functions.
The following two definitions are given in [15]. A continuum X is filament additive provided that for each two
filament subcontinua K and L with nonempty intersection, the union K ∪ L is filament. A space X is called filament
connected if for some (and hence every) p ∈ X, Fcsω(p) = X. No continuum is both filament additive and filament
connected [15, Proposition 1.4].
The following definitions are from [6]. A continuum X is aposyndetic at x with respect to y if there exists a
continuum K ⊂ X \ {y} containing x in its interior. It is aposyndetic at x if it is aposyndetic at x with respect to every
other point, and aposyndetic if it is aposyndetic everywhere. Later, for x ∈ X, Jones defines:
L(x) = {y ∈ X | X is not aposyndetic at y with respect to x},
K(x) = {y ∈ X | X is not aposyndetic at x with respect to y}.
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K(x) = {x} for each x ∈ X.
Proposition 1.1. (See [14, Proposition 4.6].) If X is a homogeneous continuum, then for each x ∈ X, L(x) = K(x) =
the intersection of all ample subcontinua of X containing x.
Corollary 1.2. (See [14, Corollary 2.5].) If X is a homogeneous continuum, then X is aposyndetic if and only if the
intersection of some collection of ample subcontinua contains precisely one point.
The following result will also be needed.
Proposition 1.3. (See [14, Proposition 4.11].) Let X be a Kelley continuum, and H a monotone, upper semi-
continuous decomposition of X. Then X/H is locally connected at C ∈H if and only if C is ample in X. (In fact, if
and only if it is locally connected at C by open connected sets.)
2. Aposyndesis
In 1955, F.B. Jones gave his aposyndetic decomposition theorem. He showed that if X is a homogeneous con-
tinuum, the sets L(x) partition X into mutually homeomorphic, homogeneous terminal continua; and further, the
decomposition is continuous with aposyndetic quotient. In [18, Theorem 5], Rogers proved the following about Jones’
decomposition.
Theorem 2.1 (Rogers). If X is a homogeneous, decomposable continuum, then the sets L(x) form a continuous
decomposition of X into mutually homeomorphic, indecomposable, homogeneous, cell-like, terminal continua.
This theorem, when combined with Proposition 1.1, has several consequences.
Corollary 2.2. In a non-aposyndetic, decomposable, homogeneous continuum, if any collection of ample continua has
nonempty intersection, the intersection must contain a non-trivial, cell-like, homogeneous, terminal, indecomposable
continuum; namely, some L(x).
Corollary 2.3. Let X be a homogeneous continuum. If X contains a hereditarily decomposable continuum that meets
both an ample continuum and its complement, then X is aposyndetic.
Proof. Let A and C be continua in X with C hereditarily decomposable and A ample, such that C meets A and its
complement. Let x ∈ C ∩A. Then by Proposition 1.1, L(x) ⊂ A. Since X contains a proper ample subcontinuum, it is
decomposable by [13, Proposition 1.9], so L(x) is terminal and indecomposable by Theorem 2.1. Since it is terminal,
L(x) ⊂ C (the reverse inclusion would make C a subset of A). Since L(x) is indecomposable, L(x) = {x}. Thus, X
is aposyndetic. 
Corollary 2.4. If a homogeneous continuum X is connected by hereditarily decomposable subcontinua, then X
aposyndetic.
The next result generalizes Rogers’ [16, Corollary 5] which states that every hereditarily decomposable homoge-
neous continuum is aposyndetic.
Corollary 2.5. Let X be a homogeneous continuum. If X contains an ample hereditarily decomposable subcontinuum,
then X is aposyndetic.
Proof. Let A be such a subcontinuum and x ∈ A. Then X itself must be decomposable, since either A = X, or A is a
proper ample continuum. (See [13, Proposition 1.9].) Hence L(x) is indecomposable by Theorem 2.1. Since L(x) ⊂ A
by Proposition 1.1, L(x) = {x}. Thus X is aposyndetic. 
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In this section we relate atomic decompositions of homogeneous continua that are respected by self-homeomor-
phisms to a new classification scheme for homogeneous continua given in [15]. Jones’ aposyndetic decomposition is
a primary example of such a decomposition, but the decompositions of solenoids of pseudo-arcs [11] into maximal
pseudo-arcs provide examples of decompositions, distinct from that of Jones’, which also fit these criteria.
Hypothesis for this section. Throughout this section M always means a homogeneous continuum, J = {J (x) | x ∈
M} is an atomic decomposition of X into indecomposable subcontinua such that J is respected by homeomorphisms
of M . The quotient map of this decomposition is denoted by π :M → M/J .
Remark 3.1. By [18, Theorem 4], the decomposition J is continuous, and M/J is homogeneous. By the same
theorem, the requirement that the elements be indecomposable will follow from the remaining hypotheses if M/J
is non-degenerate. In the case of Jones’ decomposition, it will hold regardless, for if L(x) = M for some (and hence
every) x, then M is itself indecomposable.
The following proposition about atomic decompositions is known. The proof is straightforward and is left to the
reader.
Proposition 3.2. Let f :X → Y be an atomic map; i.e., the decomposition {f−1(y) | y ∈ Y } of X is atomic.
(1) If K is a subcontinuum of X such that f (K) is non-degenerate, then K is indecomposable if and only if f (K) is
indecomposable.
(2) X is hereditarily indecomposable if and only if Y and each f−1(y), y ∈ Y , are hereditarily indecomposable.
By the definition of an atomic map there are only two types of subcontinua of M .
Type I—continua properly contained in some element J of J .
Type II—continua K satisfying K = π−1(π(K)).
Proposition 3.3. Assume J has more than one member. A subcontinuum K of M is filament in M if and only if either
K is of type I or π(K) is filament in Y .
Proof. (⇒) Assume K is filament and π(K) is non-filament. Then π(K) is the intersection of a decreasing sequence
of continua with nonempty interior. Thus the same is true of π−1(π(K)). This implies, by [13, Proposition 1.10], that
π−1(π(K)) is non-filament. Thus the latter does not equal K , and so K is of type I.
(⇐) First assume K is of type I; that is, K is a proper subset of some J ∈ J . Since X/J is a non-degenerate
continuum, the members of J all have empty interior. Continua near K that intersect K have to be contained in J
because J is terminal. Therefore K is filament.
Now assume that K is of type II and π(K) is filament. Then π(K) has a neighborhood U in X/J such that
CntU(π(K)) has empty interior. Since π is an open map, it follows that Cntπ−1(U)(π−1(π(K))) also has empty
interior. However, K = π−1(π(K)) since it is type II, and thus by definition, K is filament. 
Corollary 3.4. A subcontinuum K of M is ample if and only if K is of type II and π(K) is ample in M/J . Conse-
quently, a continuum Kˆ ⊂ M/J is filament in M/J if and only if π−1(Kˆ) is filament in M .
Proposition 3.5. If F1 and F2 are filament subcontinua of M with nonempty intersection such that F1 is of type I, then
F1 ∪ F2 is filament. Moreover, we have π(F1 ∪ F2) = π(F2).
Proof. By the indecomposability of the members of J the union of two intersecting continua of type I is of type I.
Therefore, if F2 is also of type I, the conclusion holds. Assume F2 is of type II and let x ∈ F1 ∪ F2. We have
F1 ⊂ π−1(π(x)) ⊂ π−1(π(F2)) = F2, and thus F1 ∪ F2 = F2 is filament. Hence π(F1 ∪ F2) = π(F2). 
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illustrates the scheme.
We will show the classes represented in this scheme are mostly invariant under Jones’ aposyndetic decomposition,
and more generally, under the decomposition J . More precisely, the following three results relate properties repre-
sented in the diagram to J . Note the second one, Proposition 3.7 below, is known, and it is an immediate consequence
of Proposition 3.2. The third result can easily be obtained from known facts and from Theorem 3.6. Therefore we
provide a proof only for Theorem 3.6.




(4) neither filament additive nor filament connected,
(5) indecomposable.
M is a member of this class if and only if M/J is too.
Proposition 3.7. The continuum M is hereditarily indecomposable if and only if M/J and each member of J are
hereditarily indecomposable.
Proposition 3.8. If M/J is non-locally connected, M belongs to the class “decomposable, filament additive, and
non-lc” if and only if M/J belongs to this class.
Remark 3.9. The remaining class “locally connected” is preserved in the forward direction, but not the reverse. For
instance, if M is the circle of pseudo-arcs [1] and J is the aposyndetic decomposition of M , then M is non-locally
connected while M/J is a simple closed curve.
Proof of Theorem 3.6. First assume M is in class (2). Let F1,F2 be filament subcontinua of X such that F1 ∪ F2
is ample. By Proposition 3.5, both F1 and F2 are of type II. Consequently, by Proposition 3.3, π(F1) and π(F2) are
filament in X/J , whereas their union, π(F1)∪ π(F2) = π(F1 ∪ F2), is not. Thus X/J is in class (2).
Now assume that X/J is in class (2). Let Fˆ1, Fˆ2 be filament subcontinua of M/J such that Fˆ1 ∪ Fˆ2 is ample. Let
F1 = π−1(Fˆ1) and F2 = π−1(Fˆ2). The continua F1 and F2 are filament by Corollary 3.4, but their union, F1 ∪ F2 =
π−1(Fˆ1 ∪ Fˆ2), is not. Hence M is in class (2).
Thus we have established the theorem for classes (1) and (2).
Class (5) is handled by Proposition 3.2.
Now assume that M belongs to class (3). Since M is filament connected, it is decomposable and thus, since the
elements of J are indecomposable, J has more than one member. Given two points xˆ, yˆ ∈ M/J , choose x ∈ π−1(xˆ)
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π(F1) ∪ · · · ∪ π(Fn) is connected and contains xˆ, yˆ. According to Proposition 3.5 we can eliminate from the latter
union all sets π(Fi) such that Fi is of type I. The continua π(Fj ) such that Fj is of type II are filament according to
Proposition 3.3, and thus M/J is filament connected. The converse follows easily from Corollary 3.4. This establishes
the theorem for class (3), and in fact, also for class (4). The theorem is proved. 
4. General decompositions of homogeneous continua
In this section we offer some new ways of defining decompositions of homogeneous continua that derive from our
theory.
If f is a function from X to P(X) (the power set of X), we will say that homeomorphisms respect f if h(f (x)) =
f (h(x)) for each self-homeomorphism h of X. As is customary, we are using the same name h for the function which
carries sets to their images. Let D be a partition of X and Dx be the member of D containing the element x of X.
Notice that homeomorphisms respect D if homeomorphisms respect the natural map from X onto D.
For a function g :X → X, denote by d˜(g) the sup-distance from g to the identity. The collection D is called
completely regular provided that for each x ∈ X and ε > 0 there is a δ > 0 such that if x′ ∈ X and d(x, x′) < δ, then
there is a homeomorphism h :X → X satisfying h(Dx) = Dx′ and d˜(h) < ε. The following proposition is known.
Proposition 4.1. Each decompositionD of a homogeneous continuum X respected by homeomorphisms is completely
regular. If moreover the members of D are closed, then the collection D is a continuous decomposition of X, the quo-
tient space X/D is a homogeneous continuum, and all members D of D are mutually homeomorphic, homogeneous
compact spaces.
Our aim is to discuss in some generality the decompositions that arise in the following manner. Let X be a contin-
uum. For each map k :X → 2X , define kˆ :X → 2X by:
kˆ(x) = k−1(k(x)).
Then D = {kˆ(x) | x ∈ X} is a decomposition of X into compact sets. Of course, if k is the natural map of a partition
of X, then k = kˆ.
Lemma 4.2. If X is a homogeneous continuum and k :X → 2X is a function respected by homeomorphisms, then k is
continuous.
Proof. Let x ∈ X. Let ε > 0, and δ an Effros number for ε. If y ∈ X and d(x, y) < δ, there is a homeomorphism
h :X → X such that h(x) = y and h moves no point as much as ε. We have h(k(x)) = k(h(x)) = k(y). Hence,
d(k(x), k(y)) < ε. This establishes continuity. 
Lemma 4.3. If X is a continuum and f :X → P(X) such that homeomorphisms respect f , then homeomorphisms
also respect the function k : X → 2X given by k(x) = Cl(f (x)).
Lemma 4.4. If X is a homogeneous continuum and f is the natural function from X onto some partition of X such
that f is respected by homeomorphisms, then the sets Cl(f (x)) also partition X.
Proof. Let x, y, q ∈ X such that q ∈ Cl(f (x)) ∩ Cl(f (y)). There is a sequence {xn} in f (x) converging to q . By
Lemmas 4.2 and 4.3, Cl(f (xn)) converges to Cl(f (q)) under the Hausdorff metric. However, f (xn) = f (x) for
each n, so Cl(f (q)) = Cl(f (x)). Similarly, Cl(f (q)) = Cl(f (y)). Hence, Cl(f (x)) = Cl(f (y)). 
Proposition 4.5. If X is a homogeneous continuum and k :X → 2X such that homeomorphisms respect k, then the
partition D = {kˆ(x) | x ∈ X} is respected by homeomorphisms and consequently satisfies all of the conclusions of
Proposition 4.1.
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{q ∈ X | k(q) = k(x)}. Then k(h(q)) = h(k(q)) = h(k(x)) = k(h(x)). Thus, h(q) ∈ Dh(x), and so h(Dx) ⊂ Dh(x).
This implies the two sets are equal, for Dh(x) = h ◦ h−1(Dh(x)) ⊂ h(Dx). 
Example 4.6. Let X be a non-locally connected, homogeneous continuum. By Lemma 4.3, for any function
f :X → P(X) which is respected by homeomorphisms, we can choose k(x) = Cl(f (x)) and obtain a partition as
in Proposition 4.5. For example, if n is a natural number, we may choose k(x) = Cl(Fcsn(x)). It is interesting to pass
to the infinite iteration. Clearly the function Fcsω is respected by homeomorphisms, and the sets Fcsω(x) already
partition X, so by Lemmas 4.3 and 4.4 we have D = {Cl(Fcsω(x)) | x ∈ X} is a partition of X into homogeneous
continua satisfying all of the conclusions of Proposition 4.1. Moreover, since Fcs(x) ⊂ Fcsω(x), each element of D is
ample [13, Proposition 2.9]. Thus by Proposition 1.3, the quotient space X/D is locally connected.
This example, by Proposition 3.3, has an immediate consequence. In a non-filament additive homogeneous contin-
uum the sets Cl(Fcsω(x)) contain proper ample subcontinua, and this implies the following.
Proposition 4.7. If the homogeneous continuum X is not filament additive, the continua Cl(Fcsω(x)) cannot be proper,
terminal subcontinua.
The obvious desirability of being able to “remove the hat” in the above decomposition is the inspiration for the
following generalized development.





f (s) | s ∈ S}.
Of course, Γf maps P(X) to P(X), as does each natural number power, Γ nf . Define:




If S is a singleton, we will use Γf (x) for Γf ({x}), and similarly for the other functions. Notice that if homeo-
morphisms respect f , they also respect Γf ; that is, Γf (h(S)) = h(Γf (S)) for each self-homeomorphism h of X. The
same is thus true of each natural number power Γ nf , and Γ
ω
f as well. Thus by Lemma 4.3 and Proposition 4.5, we
have the following.
Proposition 4.8. If X is a homogeneous continuum, f :X → P(X) is respected by homeomorphisms, and α ∈
{1,2, . . . ,ω}, then the map kα :X → 2X defined by kα(x) = Cl(Γ αf ({x})) is also respected by homeomorphisms.
Thus {kˆα(x) | x ∈ X} is a decomposition of X satisfying the conclusions of Proposition 4.1.
Notice that k1(x) = Cl(f (x)); we will also call this function k. Please note that kα in Proposition 4.8 is defined
formally; in other words, it is not generally a product of k’s.
We consider the following two properties that f might have:
(1) x ∈ f (x) for each x ∈ X,
(2) y ∈ f (x) if and only if x ∈ f (y).
If (1) holds, we have that {Γ nf (x)} is an increasing sequence containing x, and if for some n, {Γ nf (x) | x ∈ X} is a
partition of X, then Γ nf = Γ n+1f = · · · = Γ ωf .
Lemma 4.9. If X is a continuum and f :X → P(X) satisfies (1) and (2), then {Γ ωf (x) | x ∈ X} is a partition of X.
Proof. Let S ⊂ X and c ∈ X such that f (c) meets S. Then there is some s ∈ S ∩ f (c), so by (2), c ∈ f (s), showing
that c ∈ Γf (S). Thus, if a ∈ f (c), then a ∈ Γ 2f (S), so f (c) ⊂ Γ 2f (S). It follows that q ∈ Γ ωf (x), for some x ∈ X, if
and only if there is a finite sequence of sets D1,D2, . . . ,Dn, such that D1 contains x, each Di meets the next, q ∈ Dn,
and each Di equals some f (xi). It easily follows that the relation q ∈ Γ ωf (x) is an equivalence relation. 
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(1) and (2), then D = {kω(x) | x ∈ X} is a decomposition of X which is respected by homeomorphisms and thus
satisfies all of the conclusions of Proposition 4.1.
Below, we discuss five particular choices for f :X → P(X) and discuss the k’s and the decompositions they
induce. In each case f is respected by homeomorphisms and satisfies (1) and (2). Thus, in each example we have
decompositions:
{
kω(x) | x ∈ X} and {kˆn(x) | x ∈ X}
satisfying all of the conclusions of Proposition 4.1.
We will refer to the kα as the “iterations” of k. In each example, X is a homogeneous continuum and x is a point
in X.
Example 4.11. Let f1(x) = the intersection of all ample continua containing x. Here we have k1(x) = Cl(f1(x)) =
f1(x). By Proposition 1.1, k1(x) = K(x) = L(x), the familiar elements of Jones’ aposyndetic decomposition. Thus
k1 = kˆ1 in this case. The properties of this decomposition are well known.
Example 4.12. Let f2(x) = the union of all minimal ample continua containing x. Here k2(x) = Cl(f2(x)). The only
known nontrivial examples of the decomposition {kˆ2(x) | x ∈ X} are the ones in the circle of pseudo-arcs and the
Menger curve of pseudo-arcs. In these two spaces the decomposition coincides with Jones’ aposyndetic decomposi-
tion. In the general case, however,D2 is different form Jones’ decomposition. For instance, if X is the Case continuum
[2], then kˆ2(x) = X, while k1(x) = kˆ1(x) = {x}.
Since each member of the infinitely iterated decomposition {kω2 (x) | x ∈ X} is an ample subcontinuum of X, the
quotient space of this decomposition is always a locally connected continuum by Proposition 1.3. The quotient map in
this case is monotone and the image is a homogeneous continuum. Therefore for each x ∈ X, X \ kω2 (x) is connected.
No example of a homogeneous continuum is known with iterations of k2 different from k2.
Example 4.13. Let f3(x) = Fcs(x). This give the same decompositions as Example 4.6. Here k3(x) = Cl(Fcs(x)).
Note that for each α, f α3 (x) = Fcsα(x). As in the previous example, the quotient space of the decomposition {kω3 (x) |
x ∈ X} is a locally connected continuum, and for each x ∈ X, X \ kω3 (x) is connected.
By a straightforward argument using order arcs in C(X), one may see that k2(x) ⊂ k3(x). Whether the reverse
inclusion holds is not clear. This problem is related to [13, Question 4]. All known properties of k3 are similar to the
ones of k2.
Remark 4.14. In filament additive continua iterations of k3 are equal to k3. Consequently, if X is filament additive
{Cl(Fcs(x)) | x ∈ X} is a decomposition of X, which, in addition to the conclusions of Proposition 4.1, has locally
connected quotient.
Example 4.15. Let f4(x) = {y ∈ X | for all ample continua A1,A2 in X with x ∈ A1 and y ∈ A2 we have A1 ∩ A2 =
∅}. It is straightforward to show that Cl(f4(x)) = f4(x), so k4(x) = f4(x). Note that f4(x) is the set of all points y ∈ X
such that X is non-mutually aposyndetic at x with respect to y [5]. Clearly k1(x) ⊂ k4(x), but the decomposition
{kˆ4(x) | x ∈ X} can be essentially coarser than Jones’ aposyndetic decomposition. Indeed, if X is the product of
two pseudo-arcs, then k4(x) = X for each X, while Jones’ decomposition has singletons as elements. It is unknown
whether iterations of k4 can be different from k4.
Example 4.16. Let f5(x) = the union of subsets of X that are minimal with respect to being closed co-filament sets
containing x. Here k5(x) = Cl(f5(x)). If X is indecomposable, the decomposition {kˆ5(x) | x ∈ X} has singletons as
elements. In other known examples, the entire space is the only element of this decomposition. It is unknown if this
decomposition can be nontrivial, or if the iterations of k5 can be different from k5.
Question 1. Regarding the function k2 in Example 4.12, does the equality k2(x) = kˆ2(x) hold? Are the members of
the decomposition D2 = {kˆ2(x) | x ∈ X} connected? Are the iterations of k2 equal to k2?
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Question 3. In Example 4.15, does the equality k4(x) = kˆ4(x) hold? Are the members of the decomposition D4 =
{kˆ4(x) | x ∈ X} connected? Are the iterations of k4 equal to k4?
Question 4. In Example 4.16, is the decomposition D5 = {kˆ5(x) | x ∈ X} always a trivial decomposition, i.e. either
D5 = {X}, or all members of D5 are singletons?
Question 5. Does there exist a homogeneous continuum X with any of the functions k2, k3, k4 and k5 inducing a
decomposition that is non-trivial and different from the Jones’ aposyndetic decomposition? Does there exist X having
connected but not terminal fibers of any of these decompositions?
Remark 4.17. The above questions show how little is known about the general structure of homogeneous continua.
Any answer (positive or negative) would be valuable progress in understanding that structure. It is almost certain that
there exist unexpected examples of homogeneous continua yet to be discovered.
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